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Abstract

Let L/K be a Galois extension with group G. Let A denote the left
regular representation of G in Perm(G). Then by Greither-Pareigis
theory, there is a one-to-one correspondence between Hopf-Galois
structures on L/K and regular subgroups of Perm(G) that are
normalized by A\(G). All of the Hopf algebras thus constructed are
finite dimensional algebras over K. In this talk, we discuss the
Wedderburn-Malcev decompositions of these Hopf algebras.
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1. The Jacobson Radical

Let R be any ring. Then R is left-artinian if it has the DCC for
left ideals, that is, every decreasing sequence of left ideals

LoboLlz -
eventually stops: there exists an integer N > 1 for which

Ly =Lyy1 =Ly =+

Example 1.1. Every finite dimensional algebra over a field K is
left artinian as a ring.
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A left ideal L of R is a maximal left ideal if L ## R and there is no
left ideal J with L C J C R.

The Jacobson radical J(R) of a ring R is the the intersection of
all of the maximal left ideals of R.

Example 1.2. J(Z,) = pZp.

A ring R is Jacobson semisimple if J(R) = 0.

Example 1.3. For any field K, J(Mat,(K)) =0 for n > 1.
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For an arbitrary ring R, the Jacobson radical J(R) seems difficult
to calculate. Here is an alternate characterization:

Proposition 1.4. J(R) consists of precisely those elements x € R
for which 1 — rx has a left inverse for all r € R.

Proof. See [6, Propositon 8.31]. O
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Further properties...

Proposition 1.5. J(R) is a two-sided ideal of R.

Proof. See [6, Corollary 8.35(i)]. O

Proposition 1.6. J(R/J(R)) =0, that is, R/J(R) is Jacobson
semisimple.
Proof. See [6, Corollary 8.35(ii)]. O

So, for a given ring R, is J(R) the smallest two-sided ideal of R for
which R/J(R) is Jacobson semisimple?
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Proposition 1.7. If R is left artinian, then J(R) is nilpotent.

Proof. See [6, Proposition 8.34]. O

Proposition 1.8. Suppose that R is a commutative algebra which
is finitely generated over a field. Then J(R) is the nilradical of R.

Proof. By [6, Corollary 8.33], the nilradical of R is contained in
J(R). But since J(R) is nilpotent, J(R) consists of nilpotent
elements, hence J(R) is contained in the nilradical of R. O
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2. Semisimple Rings

A left ideal L of R is a minimal left ideal if L # 0 and there is no
left ideal J with 0 C J C L.

A ring R is left semisimple if it is a direct sum of minimal left
ideals.

Example 2.1. Let K be a field, then
K'=KxKx---xK

n

is left semisimple for n > 1.

Proposition 2.2. A ring R is left semisimple if and only if every
left ideal of R is a direct summand as a left R-module.
Proof. See [6, Theorem 8.42]. O

Robert G. Underwood Department of Mathematics and Comp  The Structure of Hopf Algebras Acting on Galois Extensions



Proposition 2.3. (Maschke’s Theorem) Let G be a finite group
and let K be a field whose characteristic does not divide |G|. Then
the group ring KG is a left semisimple ring.

Proof. (Sketch) In view of Proposition 2.2, we show that every left
ideal L of KG is a direct summand. As vector spaces over K,

KG=LaV,

so there is a K-map ¢ : KG — L with ¢(x) = x,Vx € L. Now let
V : KG — KG be defined as

W(x) = |(1,.| S g(g1x).

geiG

Then im(V) C L, ¥(x) = x,¥x € L, and V is a KG-map. It
follows that L is a direct summand as a KG-module. O
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Proposition 2.4. A ring R is left semisimple if and only if it is left
artinian and J(R) = 0.

Proof. See [6, Theorem 8.45]. O

Corollary 2.5. Let G be a finite group and let K be a field whose
characteristic does not divide |G|. Then J(KG) = 0.

So, in view of Proposition 1.4, for any non-zero x in KG, there
must be an element r € KG for which 1 — rx has no left inverse.
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Proposition 2.6. (Wedderburn-Artin) A ring R is left
semisimple if and only if it is isomorphic to the direct product of
matrix rings over division rings.

Proof. (Sketch of “only if") Suppose that R is a direct sum of
minimal left ideals,

R=Lidl®- - ® L,

We may assume without loss of generality, that the first m
summands, L;, 1 <j < m < g, represent the isomorphism classes
of all of the L;, 1 <i<gq. Let

Bl_ZLl, 82_2L2,..., ZL
L=, Li=Ll,

Then
R=B1®B & - - & Bpn.

Let n; be the number of summands in B;, 1 <./ <.m.
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Now,
ROPP = Endg(B1) x Endg(Bs) % - - - x Endg(Bum)
~ Mat,, (Endg(L1)) x Mat,, (Endg(Lp)) x ---
-+ X Mat,, (Endg(Lm))
Mat,, (C1) x Matp,(C) X -+ x Mat,, (Cn),

1%

for division rings Ci, G, ..., Cp,.

Thus,
R = (Maty,(C1))°P x (Matp,(C2))PP x - -+ x (Matp,,(Cn))°PP

12

Mat, (C;PP) x Mat,, (GPP) x - -+ x Maty,, (CoPP)
Matp, (D1) x Matp,(D2) x - -+ x Matp,,(Dpm),

I

for division rings D1, D5, ..., Dp,. |
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Proposition 2.7. (Wedderburn-Malcev) Let A be a finite
dimensional algebra over a field K, and let J(A) be its Jacobson
radical. Then

A/J(A) = Matp, (D) x Matp,(Ds) x - - x Maty, (D),

for integers ni, no, ..., ny, and division rings D1, D>, ..., Dp,.

Proof. First note that J(A/J(A)) = 0 by Proposition 1.6.
Moreover, A/J(A) is finite dimensional over K, and so it is left
artinian. Hence by Proposition 2.4, A/J(A) is left semisimple.
Now by Proposition 2.6, the result follows. a
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3. Greither-Pareigis Theory

Let L/K be a Galois extension with group G. Let H be a finite
dimensional Hopf algebra over K.

Then L is an H-Galois extension of K if L is an H-module
algebra and the K-linear map

J:L®k H— Endg(L),
given as j(a® h)(x) = ah(x) for a,x € L, h € H, is bijective.

If L is an H-Galois extension for some H, then L is said to have a
Hopf-Galois structure via H.
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Example 3.1. (Classical Hopf-Galois Structure) Let KG be the
group ring K-Hopf algebra. Then L is a KG-Galois extension of K;
L admits the classical Hopf-Galois structure via KG.

But are there other Hopf-Galois structures on L/K?
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Theorem 3.2. (Greither-Pareigis) Let L/K be a Galois extension
with group G with n = [L : K]. Let A denote the left regular
representation of G in Perm(G). There is a one-to-one
correspondence between Hopf-Galois structures on L/K and
regular subgroups of Perm(G) that are normalized by \(G).

One direction of this remarkable result works as follows.

Let N be a regular subgroup of Perm(G) normalized by A\(G).
Assume that G acts on LN by as the Galois group on L, and by
conjugation via A(G) on N. Let

H=(LN)* ={xelLN: g-x=x,Yg € G}.

Then H is an n-dimensional K-Hopf algebra and L has a
Hopf-Galois structure via H.
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Example 3.3. Let p: G — Perm(G) be the right regular
representation of G in Perm(G). Then p(G) is a regular subgroup
of Perm(G) normalized by \(G). In this case

H = (Lp(6))€ = Kp(G) = KG,

and the corresponding Hopf-Galois structure on L is the classical
structure.

Proposition 3.4. (Koch, Kohl, Truman, U.) Let N be a regular
subgroup of Perm(G) nomalized by \(G). Let H= (LN)® be the
K-Hopf algebra acting on the Hopf-Galois extension L. Then H is
a group ring if and only if N = p(G), that is, H is a group ring if

and only if L has the classical Hopf-Galois structure.

Proof. See [5, Proposition 1.2].
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Corollary 3.5. (Koch, Kohl, Truman, U.) Let N be a regular
subgroup of Perm(G) nomalized by \(G). Let H= (LN)® be the
K-Hopf algebra acting on the Hopf-Galois extension L. Let G(H)
denote the set of grouplike elements in H. Then

G(H) = NN p(G).

Proof. See [5, Corollary 1.3].
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In general, to construct Hopf-Galois structures on L we search for
regular subgroups normalized by A(G).

But: what is the structure of the K-Hopf algebras that arise from
this construction?

How do they fall into K-algebra isomorphism classes?

How do they fall into K-Hopf algebra isomorphism classes?

Are they left semisimple as rings?

What are their Wedderburn-Malcev decompositions?
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4. The Structure of (LN)®

Proposition 4.1. (Koch, Kohl, Truman, U.) Let L/K be a
Galois extension with group G of degree n = [L : K]. Let a € L be
a normal basis generator satisfying tr(a) = 1. Let N be a regular
subgroup of Perm(G) that is normalized by A(G). For n € N, set

vo =Y g(a)\(g)nA(g) "

geiG

Then {Vn}Ynen is a K-basis for (LN)C.

Proof. See [5, Proposition 2.1]. O
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Example 4.2. If N = p(G), then since A\(G) commutes with p(G),

we have

vo=Y_ gla)A(g)nA(g) =D gla)n=n.

geai geai

Thus, as expected, {v,}nen is the standard basis for the group
ring KG.
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Proposition/Conjecture 4.3. H = (LN)€ is a left semisimple
ring.

For N = p(G): yes, of course, this it true by Maschke's Theorem.

For N abelian (H commutative): vyes, the conjecture holds, since
in this case J(H) is the nilradical of H, which is trivial. The reason
J(H) is trivial is that J(LN) is trivial and any nontrivial element of
J(H) would lift to a nontrivial element of J(LN), a contradiction.
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The following result might also be helpful in proving the conjecture.

Proposition 4.4. (Clark) Let ¢ : R — S be a ring
homomorphism. Suppose that there exists a finite set {xi,...,xn}

of left R-module generators of S such that each x; lies in the
commutant Cs(¢(R)). Then ¢(J(R)) C J(S).

Proof. See [2, Proposition 3.23] O

Proposition 4.4 could be used to prove Conjecture 4.3 by applying
it to the case R = H, S = LN, where ¢ : H — LN is the inclusion.
Then if appropriate generators {xi, x2, ..., x,} could be found,
then J(H) would be trivial since J(LN) is trivial.
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. Examples: Galois Group: Rank 4 Elementary Abelian

In what follows, we explicitly construct some (LN)®, aka
“Greither-Pareigis” Hopf algebras.

Let K be the splitting field of the polynomial p(x) = x* — 10x? + 1
over Q. Then K = Q(ﬁ+ \/§) and K is Galois with group
CG2GxG, G={l0,1,07}, 0?=12=1.

The Galois action is given as

o(V24+V3)=v2 V3, 7(V2+V3)=-V2+3.

Note that

a=7 (14 V2 +V3+V6)

is a normal basis generator for K/Q with tr(a) = 1.
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Example 5.1. The subgroup p(G) is a regular subgroup of
Perm(G) normalized by \(G) = p(G). K is a Hopf-Galois
extension of Q; K has the classical Hopf-Galois structure via
H = (Kp(G))® = QG. A basis for QG is {1,0,7,07}.

Proposition 5.2. QG is left semisimple as a ring. Its
Wedderburn-Artin decomposition is

QG0 x0Ox0QxQ.

Proof. By Maschke's Theorem, QG is a left semisimple ring.
Hence by Wedderburn-Artin,

QG = Matp, (Dy) x - -+ x Maty, (Dm),

where n; > 1 are integers and the D; are division rings, 1 </ < m.
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Over C, G has exactly 4 one-dimensional irreducible
representations
pi: G — GL(W;),

dimc(W;) = 1, given in the tables:

x| polx) x | pa(x) x| pa(x) x| pa(x)
1 1 1 1 1 1 1 1
o 1 o 1 o -1 o -1
T 1 T -1 T 1 T -1
oT 1 or | -1 or | —1 oT 1
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Let x; be the character of p;. Then

1 1
b1:ZZXO(X_1)X:Z(l—i—U—l—T—l—O’T),
xeG
b= Yol Yx = 1+ )
2= g 2l )x =4 o—T—0T),
x€G
b3:EZXO(X_1)X:1(1—04—7—07)
4 4 ’
xeG
b4ZEZX1(X_1)X:1(1—0—7—1—07),
4x€G 4

are pairwise orthogonal idempotents in CG with
b1+ by+ b3+ by =1,
cf. [7, Exercise 6.4].
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Now, each irreducible representation extends to a C-algebra
homomorphism:

pi - CG — Endc(W;) = C,
0<i<3.
There is an isomorphism
p:CG6—-CxCxCxC

given as:

One has

cf. [7, Proposition 10].
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Since {b1, b, b3, bs} is also a Q-basis for QG, one has

QGO xQxQxQ.
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Example 5.3. (Byott) Let ) € Perm(G) be defined as
n(o*rh)y = " k10 < k1< 1.

Then (n) = C4 is a regular subgroup of Perm(G) normalized by
AG).

By Theorem 3.2, K is a Hopf-Galois extension of Q; K has a
Hopf-Galois structure via the 4-dimensional Q-Hopf algebra

H = (K(n)°.

By Proposition 4.1, a Q-basis for H is {v1, vy, v,2, v,3} with

Vi = 1,
1 V3
v o= 5 m+n’)+ 5 (=)
Vv = n?
1 V3
vp = 5 m+) =5 (n=n).
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Proposition 5.4. The Q-Hopf algebra H of Example 5.3 is left
semisimple as a ring. Its Wedderburn-Artin decomposition is

H=Q xQ x Q(-3).

1 2 3
Proof. H contains Rl and in:n , and so, H contains

1
by Z(1+n+n +7°),
1
by Z(l—n+n —n3),
and )
b3:1—b1—b2:1_4n;

by, by, by are mutually orthogonal idempotents.
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Let
0
a= (1 - ) (;(n+n3)+\f(n—'n3)> = \f(n—nQ)-

Then {by, by, b3, a} is a Q-basis for H. Note that a> = —3bs.

Now as a vector space over Q,

H = Qb1 ® Qb ® Qbs @ Qa,
and as (Q-algebras,

H = QxQxQbsfa],
=~ QxQxQ(V-3),

the isomorphism in the last component given as bz +— lQ(\/j;),
a— +/—3. By Wedderburn-Artin, H is left semisimple. |
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By direct calculation,

G(H) = NN p(G) = {L,7°}.
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6. Conclusions, |

Regarding the rank 4 elementary abelian example above:

In the case where K has the classical Hopf-Galois structure
(Example 5.1),
Hi = (Kp(G)* =Q6=QxQxQxQ,

In the case where K has the non-classical Hopf-Galois structure
(Example 5.3),

Hy = (KN)© = Q x Q x Q(+v/=3).
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The two Hopf-Galois structures on K are distinct in that the two
Hopf algebras are non-isomorphic as Q-algebras, and hence,
certainly non-isomorphic as Hopf algebras.

Moreover, both Hopf algebras are left semisimple, and thus by
Proposition 2.4, both Jacobson radicals are trivial.
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7. Examples: Galois Group: Symmetric Group on 3 Letters

Let K be the splitting field of x> — 2 over Q. Let w denote a
primitive 3rd root of unity and let & = v/2. Then K = Q(a,w) is

Galois with group S3 = (o, 7) with 03 = 72 = 1, 70 = 0?7,

The Galois action is given as o(a) = wa, o(w) = w, (@) = a,

7(w) = w?.

Observe that

1
ﬂ:§(l+a+a2+w+wa+wa2)

is a normal basis generator for K/Q with tr(g) = 1.
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Example 7.1. The subgroup p(Ss3) is a regular subgroup of
Perm(S3) normalized by A(S3). K is a Hopf-Galois extension of Q;
K has the classical Hopf-Galois structure via

H = (Kp(S3))> = QSs. A basis for QSs is {1,0,0%, 7,70, 70%}.

Proposition 7.2. QS5 is left semisimple as a ring. Its
Wedderburn-Artin decomposition is

QS3 2 Q x Q x Mat(Q).

Proof. (Computer-free proof) By Maschke's Theorem, QS;3 is a left
semisimple ring.
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Hence by Wedderburn-Artin,

QS3 = Matp, (D1) x - -+ x Mat,,, (Dm),

where n; > 1 are integers and the D; are division rings, 1 </ < m.

Over C, there are exactly two 1-dimensional representations of Ss,
po = S3 — GL(Wp),

given as po(x) = 1,Vx € S3, and
p1: S3 — GL(Wy),

defined as p1(0’) =1, and p1(70’) = —1 for i =0, 1,2.
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There is exactly one 2-dimensional representation
P2 - 53 — GL(WQ),
. i w0 ; 0 w?
defined as py(0') = (0 w2i>' and po(10') = (wi 0 ) for

i =0,1,2, where w is a primitive 3rd root of unity, [7, §2.4, §2.5,
§5.3].
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Let x; be the character of p;. Then

1 _ 1

b1:62X0(x l)x:6(1+a+a2+7+70+7’a2),
XES3

b :}Z (x_l)x:}(1—1-04-02—7—7'0—7'02)

2 6 X1 6 )
XES3

and ) )
b3:§ZX2(X*1)x:§(2—a—a2)

XES3

are pairwise orthogonal idempotents in CS3 with
by +by+ b3 =1,

cf. [7, Exercise 6.4].
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Now, each irreducible representation extends to a C-algebra
homomorphism:

pi : CS3 — Endc(W;) = Mat,,(C), nj = dime(W)),

0<i<2.
There is an isomorphism

p:CS; — C x C x Maty(C)

given as:

One has

cf. [7, Proposition 10].
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We seek 4 elements of CS3 which correspond to a basis for the
simple component Mat,(C).

We find elements b171, b172, b271, b2,2 € CS3 which satisfy the
multiplication table

‘ bi1 bip b1 bop (1)
bii| b1 bip O 0
bio| O 0 b1 bip
bo1 | b1 bap O 0
byo| O 0 b1 bop
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We require that

1
b171 + b272 = b3 = 5(2 — 0 — 0’2),

with bfl = by and b§72 = by, and so we guess that

—_

b11 = (1—J+TJ—TJ2),

3
and

b2,2:%(1—02—7'0+7'02).

(Note: | used trial and error, but one could probably solve a
non-linear system to get this.)
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Now for by > and by 1: We require that

(bio+bo1)? = by1+ bpo = %(2 — 0 —a?),
and so, we could guess that
bio+ b1 = %T (2—-0-07)
since %(2 — 0 — 0?) is idempotent and 72 = 1.

But we also know that by 5 satisfies the equation by 2 X = 0, which
converts to a 6 x 6 linear homogeneous system with many
solutions, one of which is

1 2

b172:—§ (O‘—O‘ —T+TO’2).

With this choice for by 2, then

b2,1:%(0—02—|—7'—7'0).
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Now (as one can check) a C-basis for CS;3 is

B' = {b1, by, b11,b12, b1, b22},

with

by = %(1+0’+0’2+T+TU+T0'2),
b, = %(1—}-0—{—02—7—70—702),
bii = %(1 — o+ 70 —T10?),
bip = —%(0’—0’2—7’4-7'0'2),
b1 = %(a—az—FT—TJ),
by = %(1 — 0’ — 10+ 702).
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The C-algebra isomorphism
P CS5 - CxCx Matz(C)

is now given as

wor = (10(3 )
o = (220 8))

o = (003(57% $05)).
o) = (00472 124).
e = (005(170 5)).
) = (005 (3% )
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Now, B’ is also a Q-basis for QS3. Hence, there is a Q-algebra
isomorphism

¢ QS — Q x Q x Mat,(Q)

o - (10 9)
o = (12 9)
i = (o0 (3 3)
i = o0 (3 )
!

d(b2p) = <0707 (8 (1)>>
u
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Example 7.3. Let A : S3 — Perm(S3) denote the left regular
representation of S3 in Perm(S3); \(S3) is a subgroup of
Perm(S3) normalized by A\(S3). Then K is a Hopf-Galois extension
of Q; K has a Hopf-Galois structure via the 6-dimensional Q-Hopf
algebra H = (K\(S3))%.

Proposition 7.4. H is left semisimple as a ring. Its
Wedderburn-Artin decomposition is

H = Q x Q x Mat,(Q).
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Proof. By [1, (6.12) Example, p. 55],

H = {ag + a10 + 7(a1)0? + boT + 0%(bo)oT + o (bg)o°T}

where a9 € Q, a1 € Q(w), and by € Q(«).

Write a1 = a1,0 + a1,1w, bo = boo + bo1cx + bo72042, for
a1,0, 1,1, bo,0, bo,1, bo2 € Q.

Then a typical element of H can be written as

a0+ (a1,0 + a11w)o + (a1,0 + a1,1w?)o? + (bo o + bo 1+ bg 20?) T
+ (b0,0 + bo’loz(,«)2 + bo,zazw)O'T + (b070 + bp 10w + b072a2w2)027'
= a0+ a10(0 + 0%) + ar1(wo + w20?) + boo(T + 0T + 077)

+ bo1(aT + aw?oT + awo®T) + b2 (0?7 + aPwoT + aw?o?T).
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Thus
C={vi,v,v3,va,vs, v},

with

Vi = 1
_ 2
Vo = o0+0°,
V3 = wo + w202,
va, = T4+07+ 027,
vs = aT+ aw’or + Oéw0'27',
Vg = a?r + aPwor + a2w2027,

is a Q-basis for H; this is the “standard” basis for H.
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The multiplication table for the v; is:

(2)

1 Vo V3 V4 V5 Ve
1 1 Vs V3 Va Vs Ve
o | v 2vo —1—wvw—w 2vy —Vvs —Vg
V3 V3 —-1-— Vo — V3 2+V3 — Vs — V5 2V6
Vg Va 2 Vg — Vs 3 + 3 Vo 0 0
Vs Vs —V5 2V5 0 0 6*6V2 *6V3
Ve | Ve — Vg —Ve 0 6+ 6v3 0
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Now, as in Proposition 7.2, c; = by = %(1 + v» + v4) and
C = by = %(1 + v» — va) form a pair of mutually orthogonal
idempotents in H.

We search for matrix units satisfying table (1).

One has that
1 1 5 2
C171:§(]_+V3)I g(l—l-wa—&-w o)
and

1 1
Cro = 5(1 — Vo — V3) = §(I+w2a+wa2)

)

are a pair of orthogonal idempotents.

A bit of trial and error using table (2) (really!) shows that the
other matrix units are ¢ > = %VG and ©o1 = %V5.
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The set
!
C'={c,o,c1,cap 01,02}

is a Q-basis for H. There is a (Q-algebra isomorphism:

¥ H— Q x Q x Maty(Q),

)

asn (@003 9)
azo (00, 3)
i (00,0 9)
Cop (o,o, (8 j’)) .
Clearly, H is left semisimple. O
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Recall that
B=314a+ac®+w+wa+wa?)

is a normal basis generator for K/Q. By Proposition 4.1, there is
another Q-basis for H,

D= {Vl =1, v, Vo2, Vry Voo, Vraz}a
where

ve= > 8(B)Me)A)AMe) T,

g€S3

for x € Ss.
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The basis matrix of D (with respect to C) is:

10 0 0 0 0
01 0 0 0 0
v._]01 -1 0 0 0
P~1o 0o o 1/3 1/3 1/3
00 0 1/3 1/3 -2/3
00 0 1/3 —2/3 1/3

One has
MDVD = V.

Robert G. Underwood Department of Mathematics and Comp  The Structure of Hopf Algebras Acting on Galois Extensions



Now,

10 0 0 O 0

01 0 0 O 0
1 01 -1 0 O 0
Mp™ = 00 0 1 1 1

00 0O 1 0 -1

00 O 1 -1 0

so that
I\/IBlv:vD.

Thus, in terms of D, the basis C’ computed above is

C' = {%(l—kv(,—i—vaz—i—vT—i—vw—i—vmz), %(l—i—va—l—vgz—vT—vw—va),
%(1 - Va2)7 %(VT - VTJ)? %(VT - VTO'2)7 %(1 - VU)}'
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8. Conclusions, Il

Regarding the S3 examples above:

In the case where K has the classical Hopf-Galois structure
(Example 7.1),

Hy = (Kp(S3))> = Q53 = Q x Q x Maty(Q),

In the case where K has the non-classical Hopf-Galois structure
(Example 7.3),

Ho = (KA(53))% = Q x Q x Maty(Q).

By a direct computation (or use [1, (6.9) Example]),
G(Ha2) = A(S3) N p(S3) = {1}.
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These two Hopf algebras are isomorphic as (Q-algebras, yet are
non-isomorphic as Hopf algebras.

Both Hopf algebras are left semisimple, and thus by Proposition
2.4, both Jacobson radicals are trivial.

Robert G. Underwood Department of Mathematics and Comp  The Structure of Hopf Algebras Acting on Galois Extensions



9. A New Hopf Algebra Structure

Fact 9.1. Suppose ¢ : S — G is a bijection of sets with G a
group. Then there is a unique group structure on S that makes
an isomorphism of groups.

For x,y € S, define

xy = o ((x)e(y)).

Robert G. Underwood Department of Mathematics and Comp  The Structure of Hopf Algebras Acting on Galois Extensions



Proposition 9.2. Let K be a field. Let ¢ : A— H be an
isomorphism of K-algebras with H a K-Hopf algebra. Then there
is a unique Hopf algebra structure on A that makes p an
isomorphism of K-Hopf algebras.

Proof. Define Ay : A — ARk A by the rule
Aa(a) = (¢~ @ ¢ 1) An(p(a)),
define €4 : A — K by the rule
ea(a) = en(p(a)),
and define S, : A — A by the rule

Sa(a) = ¢ ' Sh(e(a)),
for a € A

Then (A, ma, Aa, Ap, €a,Sa) is a K-Hopf algebra and ¢ is an
isomorphism of K-Hopf algebras. |
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Now by Propositions 7.2 and 7.4, the composition of maps

0S; 4 Q x Q x Mata(Q) S H,

is an isomorphism of Q-algebras.

Put ¢ =11 o ¢. Then by Proposition 9.2, there is a Q-Hopf
algebra structure on Q53 with

Ags,(3) = (¢ @ ¢ N A(p(a)),

cgs;(a) = en(p(a)),

and
Sas,(a) = ¥ Sh(p(a)),
for a € QS3; ¢ is an isomorphism of Q-Hopf algebras.
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This Q-Hopf algebra structure on QS3 admits exactly one
grouplike element (since H has only one grouplike).

Consequently, this Q-Hopf algebra structure on QS3 is distinct
from the ordinary Q-Hopf algebra structure on QS3 (in which there
are 6 grouplikes).

What is AQ53 (0’)7
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Appendix: Decomposition of QS3; (Computer Solution)

gap> LoadPackage ("wedderga") ;
true

gap> QG:=GroupRing(Rationals,SymmetricGroup(3));
<algebra-with-one over Rationals, with 2 generators>

gap> WedderburnDecomposition(QG) ;
[ Rationals, Rationals, <crossed product with center

Rationals over CF(3) of a group of size 2> ]

gap> WedderburnDecompositionInfo(QG);

[ 1, Rationals ], [ 1, Rationals,

[ [ 1, Rationals ],
3, [2,2,0111]
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What this means is that

QS5 =ZQxQxQw)[x: wx= xw?, x? = 1],

where w is a primitive 3rd root of unity; {1,w, x,wx} is a Q-basis
for the component Q(w)[x : wx = xw?, x> = 1].

Now, the companion matrix of the polynomial x?> + x + 1 is

W = <(1) _i) and the companion matrix of x2 — 1 is

X = <(1) é) Moreover, WX = XW?2.
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As one can check, {h, W, X, WX} is a Q-basis for Mat,(Q), thus
as rings,

Q(w)[x : wx = xw?,x? = 1] = Mat,(Q).

Thus,
QS3 2 Q x Q x Mat(Q).
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